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J>->' Abstract. We prove that the KdV-Burgers is globally well-posed in 

"^ ■ H-^{T) with a solution-map that is analytic from ^-^(T) to C{[0,T]; H-^{T)) 

whereas it is ill-posed in H^{T), as soon as s < —1, in the sense that the 
^ I flow-map uq i-^ u{t) cannot be continuous from i7*(T) to even T>'{T) at any 

^N ■ fixed i > small enough. In view of the result of Kappeler and Topalov for 

KdV it thus appears that even if the dissipation part of the KdV-Burgers 
Ph I equation allows to lower the C°° critical index with respect to the KdV 

■^ ■ equation, it does not permit to improve the C^ critical index . 

-)— > 

S: 

1 Introduction and main results 

^ i The aim of this paper is to establish positive and negative optimal results 

f— >) I on the Cauchy problem in Sobolev spaces for the Korteweg-de Vries-Burgers 

OO ■ (KdV-B) equation posed on the one dimensional torus T = M/27rZ: 

lO ■ Ut + Uxxx - Uxx + UUx = (1-1) 

O 

^-^ ■ where u = u{t, x) is a real valued function. 

This equation has been derived by Ott and Sudan [16] as an asymptotic 
model for the propagation of weakly nonlinear dispersive long waves in some 

/\ • physical contexts when dissipative effects occur. 

j^ ■ In order to make our result more transparent, let us first introduce differ- 

ent notions of well-posedness (and consequently ill-posedness) related to the 
smoothness of the flow-map (see in the same spirit |12] . [9]). Throughout 
this paper we shall say that a Cauchy problem is (locally) C*^-well-posed in 
some normed function space X if, for any initial data uq € X, there exist 
a radius R > 0, a time T > and a unique solution u, belonging to some 
space-time function space continuously embedded in C{[0,T]] X), such that 
for any t £ [0,T] the map uq i— )• u{t) is continuous from the ball of X cen- 
tered at Uq with radius R into X. If the map uq i— > u{t) is of class C'^, 
A; G NU {oo}, (resp. analytic) we will say that the Cauchy is C'^-well-posed 



(resp. analytically well-posed). Finally a Cauchy problem will be said to be 
C'^-ill-posed, /c G N U {cxo}, if it is not C'^-well-posed. 

In [15], Molinet and Riband proved that this equation is analytically 
well-posed in H^{T) as soon as s > —1. They also established that the 
index —1 is critical for the C^-well-posedness. The surprising part of this 
result was that the C°° critical index s'^{KdVB) = — 1 was lower that the 
one of the KdV equation 

Ut + Uxxx + UUx = 

for which sf{KdV) = -1/2 (cf. [13], [7]) and also lower than the C~ index 
s^{dB) = s'^{dB) = —1/2 (cf. P, [8]) of the dissipative Burgers equation 

"IJ-t ~ Uxx + UUx = . 

On the other hand, using the integrability theory, it was recently proved 
in |12] that the flow-map of KdV equation can be uniquely continuously 
extended in H~^(T). Therefore, on the torus, KdV is C'^- well-posed in H^^ 
if one takes as uniqueness class, the class of strong limit in C([0, T]; H^^{T)) 
of smooth solutions. 

In jl4j the authors completed the result of jl5] in the real line case by 
proving that the KdV-Burgers equation is analytically well-posed in iJ~^(R) 
and C'^-ill-posed in H'^ (M) for s < — 1 in the sense that the flow-map defined 
on H~^{M.) is not continuous for the topology inducted by //*, s < — 1, 
with values even in ©'(M). To reach the critical Sobolev space H~^{^) they 
adapted the refinement of Bourgain's spaces that appeared in |19j and [18j 
to the framework developed in [15] . The proof of the main bilinear estimate 
used in a crucial way the Kato smoothing effect that does not hold on the 
torus. Our aim here is to give the new ingredients that enable to overcome 
this lack of smoothing effects. The main idea is to weaken the space regu- 
larity of the Bourgain's spaces in a suitable space-time frequencies region. 
Note that our resolution space will still be embedded in C{[0,T]; H^^{T)) 
and that, to get the L°°([0,T]; //~^(T))-estimate in this region, we use an 
idea that appeared in |4J. Finally, once the well-posedness result is proved, 
the proof of the ill-posedness result follows exactly the same lines as in 
|14j . It is due to a high to low frequency cascade phenomena that was first 
observed in |2^| for a quadratic Schrodinger equation. 

In view of the result of Kappeler and Topalov for KdV it thus appears 
that, at least on the torus, even if the dissipation part of the KdV-Burgers 
equation^ allows to lower the C°° critical index with respect to the KdV 



equation, it does not permit to improve the C^ critical index . 
Our results can be summarized as follows: 

Theorem 1.1. The Cauchy problem associated to U.l\) is locally analyti- 
cally well-posed in H^^{T). Moreover, at every point uq £ H^^(T) there 
exist T = T{uq) > and R = R{uo) > such that the solution-map 
Uq ^^ u is analytic from the hall centered at uq with radius R of H^^iT) 
into C([0,T]; i7^^(T)). Finally, the solution u can be extended for all posi- 
tive times and belongs to C {M.X; H°° {T)) . 

Now that we have established analytic well-posedness, proceeding ex- 
actly as in |14] by taking as sequence of initial data 

(t>N{x) = Ncos{Nx) , 

we get the following ill-posedness result. 

Theorem 1.2. The Cauchy problem associated to l\l.l\) is ill-posed in H^{T) 
for s < — 1 in the following sense: there exists T > such that for any < 
t <T, the flow-map uq i-^ u{t) constructed in Theorem \1.1\ is discontinuous 
at the origin from H^^{T) endowed with the topology inducted by //*(T) into 
V'{T). 

Acknowledgements: L.M. was partially supported by the ANR project 
"Equa-Disp". 

2 Resolution space 

In this section we introduce a few notation and we define our functional 
framework. 

For A,B > 0, A < B means that there exists c > such that A < cB. 
When c is a small constant we use A <^ B. We write A ^ B to denote 
the statement that A < B < A. For u = u(t,x) £ 5'(M x T), we denote 
by u (or J-'xu) its Fourier transform in space, and u (or J^u) the space-time 
Fourier transform of u. We consider the usual Lebesgue spaces L^, LxLl and 
abbreviate LxL^ as L^. Let us define the Japanese bracket (x) = (H-|xp)^'^ 
so that the standard non-homogeneous Sobolev spaces are endowed with the 
norm \\f Whs = \\{Vrfh2. 

We use a Littlewood-Paley analysis. Let r/ € C^(M) be such that f] > 0, 
suppj] C [—2,2], rj = 1 on [—1,1]. We define next (p{k) = r]{k) — r]{2k). 



^It is important to notice that the dissipative term —u^x is of lower order than the 
dispersive one Uxxx- 



Any summations over capitalized variables such as N, L are presumed to be 
dyadic, i.e. these variables range over numbers of the form 2^, i € NU {— 1}. 
We set ifi = rj and for A^ > 1, ^pNik) = (p{k/N) and define the operator 

P/v by J^{P]\ju) = ipj\fU. We introduce ipL{T,k) = ipl{t — k^) and for any 
ueS'{Rx T), 

Tx{PNu{t)){k) = ipN{k)u{t, k), F{Qlu){t, k) = tPl{t, k)u{T, k). 

Roughly speaking, the operator P1/2 and (5i/2 localize respectively in the 
ball {|A;| < 1} and {|r— A;^| < 1} whereas for N >1, the operator P/v localizes 
in the annulus {|A:| -^ A} and Qat localizes in the region {[r — A;^[ ~ N}. 

Furthermore we define more general projection P<jv = J2n <N ^^i, 
Q^l = T.Li:^lQli etc. 

Let e~ "^"^"^ be the propagator associated to the Airy equation and define 
the two parameters linear operator W by 

W{t,t')(t) = ^ex.^{itk^ -\t'\k'^)^{k)e'^'', t € R. (2.1) 

The operator W : t ^^ W{t,t) is clearly an extension on M of the linear 
semi-group S{-) associated with (II. ip that is given by 

5(t)(/, = ^exp(itfc3-tfc2)<^(fe)e^^^, tGM+. (2.2) 

We will mainly work on the integral formulation of (|l.ip : 

1 /■* 

u{t) = S{t)uQ - - S{t-t')dxu^{t')dt', t(^R+. (2.3) 

2 Jo 

Actually, to prove the local existence result, we will follow the strategy of 
|14j and apply a fixed point argument to the following extension of <\2.2>\ : 

r 1 r* 

u{t) = riit) W{t)uo--XR+(.t) W{t-t',t-t')dxu\t')dt' 
'- ^ Jo 

1 /■* 1 

-7TXM_(i) / W{t-t',t + t')dxu\t')dt' . (2.4) 
^ JO -' 

It is clear that if u solves (|2.4|) then n is a solution of (|2.3p on [0,T], T < 1. 
In [13], adapting some ideas of [19] and [18] to the framework devel- 
oped in [15], the authors performed the iteration process in the sum space 

X-i'I'i +Y~^'^ where 



N 



^[Y,{Nr{L + N'nPr,QLuh.^ 



2\ 1/2 



and 

N 

SO that 



12 N 1/2 

mil J - . » i' -■ > -ii. - i - -■ i - . .^--~... - I 

I lly-l,3j 

N 



Y,[W Widt + 5.XX - a,z + I)PNu\\LlLlf 



As explained in the introduction, due to the lack of the Kato smoothing 
effect on the torus, we will be able to control none of the two above norms 
in the region " cr-dominant" . The idea is then to weaken the required x - 
regularity on the X*'* component of our resolution space in this region. For 
e > small enough, we thus introduce the function space X§' '"^ endowed 
with the norm 



\U\\ vs,b,l 



N L<Af3 

+ (E [ E {Nr-^L + N'nPr.QLuh.jy. (2.5) 

N L>N3 

However, Xp ' is not embedded anymore in L'^(R; H^^(T)). For this rea- 
son we will take its intersection with the function space L^°H~^, that is a 
dyadic version of L°°(]R; H^^{T)), equipped with the norm 

* N 

Finally, we also need to define the space Z*'~2 equipped with the norm 

N 

We are now in position to form our resolution space 5| = (X^'^' PlL^if ~^)+ 

Y^'2 and the "nonlinear space" M^ = {Xs' ^' D Z^'^2) + Y'^'^i where the 
nonlinear term dxU^ will take place. Actually we will estimate II^x^^IIa^" in 

term of \\u\\ss where <S| = X^"^' +Y^"2. Obviously \\u\\ss < \\u\\^^ and the 
first of these norms has the advantage to only see the size of the modulus of 



the space-time Fourier transform of the function. This will be useful when 
dealing with the dual form of the main bilinear estimate. 

Note that we endow these sum spaces with the usual norms: 

|In||x+Y = inf{||ni||x + ||n2||y : ui e X,U2 ^Y,u = ui + ^2}- 

In the rest of this section, we study some basic properties of the function 
space S~^. 

Lemma 2.1. For any (p € L^, 

Y.[L'/'\\QL{e-'^-ct>)U2fy^'<Uh.. 

L 
Proof. From Plancherel theorem, we have 

L 

Moreover if we set rjT{t) = r]{t/T) for T > 0, then 

7'(??T(t)e"*^"""0)(r, k) = ^{t - k^)^{k). 

Thus we obtain with the changes of variables t — k'^ ^ t' and Tt' -^ a that 

\\\T-k^\^'^n^T{t)e-''-4>)\\L^ < Uh4\r'\'/'mTT')h2^ < Uh^. 

r' 

Taking the limit T ^^ 00, this completes the proof. D 

Lemma 2.2. 1. For any e > and all u G 5^ , we have 



Mif'H-^T) ^\\u\\~i and (^\\PnQ<n'M\l'^h-^t)) ^ II^I 



N 



(2.6) 



2. For any < e < 1/2 and all u ^ S^ , we have 

M\lI,^\Ms-^- (2-7) 

3. For all u e Y^^^/^ , 
y\L'/'\\QLuh^]'y^'<\\u\\,a. (2.8) 



L 



Proof. 1. First it is fairly obvious that Lf'Hx ^ ^^ L'^H^ ^ and that, 



according to the definition of X^ 



-i,ii 



7 , \\PnQ<n^u\\j^,x,^-hj-^ 

N 

Second, for any dyadic A'", 

\\Pnu\\loch-^ 



1/2 



< 



\u\ 



x,_ 






< 



-F; 



(fc)-Vjv(fc) 
i(r - A:3) + fc2 + 1 



(i(T- k^) + k^ + l)(pNU 



<|KA:)-V^(A;)||L-||e-*<^>\K+(t)llLrll^^^lly0.i 

This completes the proof of ()2.6p after square summing in A^. 
2. In the same way, for any dyadic A^ 

\\Pnu\\l^ < ^ \\PnQlu\\l2 + J2 \\PnQlu\\l2 

L<N'^ L>Af3 

< Yl \\PnQlu\\l2 + J] L^/^N~^/^PnQlu\\l2 



L^Ll 



< WPnuI 



-^1/2 



(2.9) 



On the other hand, applying Young and Holder's inequalities, we get 



\Pnu\ 



L2 



-F. 



1 



< 



* U{t- k'^) + A:2 + 

* \i{T-P) + k^ + l 



-{i{T - k^) + k"^ + l)ipNu] 
Pnu\\o.\ 



^tk 



LfL^ 



lyu,^ 



< ||P-*W 



r2 ||P\rn|| n 1 



< (A^)"^||Pjvn|| 1 < \\Pnu\\ , 1. 
This proves (12. 7p after square summing in A^. 
3. Setting v = {dt + dxxx)u, we see that u can be rewritten as 



u{t) = e *^"""u(0) + / e 

'0 



-(t-t')9...^(i')rfi'. 



By virtue of Lemma I2.H we have 

(^[LV2||g^e-*^-n(0)||^2l2V^' < 



|n(0)|| 



L2 ^ 



\U\\ J txs t2 . 



Moreover, we get as previously 



\u\\ T oo t2 ^ 



^t 



-1 



1 



Now it remains to show that 



\\u\\ n 1 ^, \\u\\ n 1 • 



E[-' 



/2 







-(t-t')a. 



■=w(t')'it' 



L2 



2\ 1/2 



< MljlP 



(2.10) 



since the right-hand side is controlled by 
< 

II v^ ^xx , 



WPnvWlIlI <W- d..)PNu\\L.r2 + \\Pnu\\.x 



< 



^t u{T-e)+e + i 



lyu,^ 



+ 1 ||P/vn|| „ 1 



<\\Pnu\\^,^i. 



In order to prove (|2.10p . we split the integral /q = J_ao~ I-oo- ^^^ 
Lemma 12.11 the contribution with integrand on ( — oo,0) is bounded 

by 



< 



.i'& 



^vit')dt' 



< 



Ll 



For the last term, we reduce by Minkowski to show that 

L 

This can be proved by a time-restriction argument. Indeed, for any 
T > 0, we have 



Y.[L^'^QL{riT{t)xt>t'e- 



{t-t')d^ 



'v{t') 



\m 



1/2 



<\\\T\^''v{t')Tt{r^T{t)Xt>t'){T)\\L^ 
<\\v{t')U2\\\T\y^TMt)XtT>t')\\L^ 

<IKOIIl- 

We conclude by passing to the limit T — )• oo. 



D 



3 Linear estimates 

It is straightforward to check that estimates on the hnear operator W{t) 
and on the extension of the Duhamel term proven in |14j on M stih hold on 

T. We thus will concentrate ourselves on the X^'^' n L'^H^^ component. 

Proposition 3.1. 1. For any e >0 and all (p € H^'^i^), we have 

Mt)w{m\—,<\\<p\\H-^. (3.1) 



2. Let C : f ^ Cf denote the linear operator 

£f{t,x) = r^{t)(xR+{t) j W{t-t',t-t')f{t')dt' 

+XIR- {t) j W{t -t',t + t')f{t')dt') . (3.2) 

// / G M^'^ with £>Q, then 

W\\^. < ll/lk-i- (3.3) 

Proof. The first assertion is a direct consequence of the corresponding es- 
timate in X*'2' proven in |14j together with the continuous embedding 

X"'3'^ ^ ifn^i n Xs'^''^ for e > 0. 

To prove the second assertion, it clearly suffices to show the three fol- 
lowing inequalities 

ll-C/ll^.,,! < ll/!l^o,-i, (3.4) 

ll-C/ll 0,1,1 ^ ll/!l 0,-1,1 + ll/ILo,-i, (3.5) 



Estimate ()3.4p has been proved in [14]. To prove (13. 5p we first note that 
according to [14J, it holds 

ll^/ll^.,i,i < ll/ll;,.,-i,i. (3.7) 



It is then not too hard to be convinced that (|3.5p is a consequence of the 
following estimate: 

YXT. (^ + A^')'/'l|i='jvQL(AQ>2JV3/))||L2]y^' 
Af>4 L<Ar3 

<ll/ll^o,-i + (E[ E (i + iV')-'/'ll^ivQL/||L^]y'. (3.8) 
Af>4 L=Ar3/2 



To prove (j3.6p and (|3.8p we proceed as in [T3]. Using the x- Fourier expansion 
and setting w{t) = U{—t)f{t) it is easy to derive that 



Cf{t,x) = U{t) 



In particular by Plancherel and Minkowski, 



v{t) E ^^ 



jtr {t-|t|)fc2 _ -|t|fc2 



«T 



+ A;2 



w(r, /i;)(iT 



'^•^"lFIi = ll^(-*)^-^llL?ri ^ (Elhw^^(^) 



itr {t-|t[)fc2 _ -[i|fc2 



e e 



IT ■ 



A:2 



-t(;(T, A;)(ir 



LlLT 



1/2 



Now for A; G Z fixed and v € 5(M) we set 
Kk{v){t)=ri{t)^N{k) f 



^itr ^(t-\t\)k'^ _ g-|i|fc2 



ir + A;2 
We thus are reduced to show that for any k a 1^, 

ipN{k)v{T 



v{T)dT. 



\Kk{v) 



T ^^"3 ^ 



(ir + /c2) 



Li 



(3.9) 



and 



Y, {L + N^Y/'\\PL(K,{^>2mv))\\^l 



L<m 



< 



ipN{k)v{T) 



N3 



{ir + k^) 



,_^+ Y. VNik){L + NY'^^yLv\\^- (3.10) 

"^ L=Af3/2 

where we set $>27V3 := '^l>2N'-^ ^l- To prove (j3.9|) it suffices to notice that 



\Kkiv)\\L^ < \\r]\\LooipN{k) 



\vir)\ 

+ fc2 



dT 



\IT 



which gives the result for k ^ 0. In the case A; = we use a Taylor expansion 
to get 



\Ko{v)\\l?- < VN{k) 



\v{t)\ 



|f/||L°° / • i' i' • dr + 'S^ —\\t'^r]\\Lo 



|T|"|i;(r)[ 



dT 



■l<i rl 



< 



fN{k) 



/ / \ dr y—\t tiWl^ 



10 



which is acceptable since ||t"?/|lL°° ^ 2"'. 

To get (j3.10p we first rewrite iCfc(<&>2Ar3v) as 



r/(t)e(*-l*l)'=V^(fc) 



Atr 



6 / 6 

——^^>2N3(.T)v{T)dT-r]{t)ipN{k) / — — -^$>27V3(r)7;(r)dr. 



|t|fc2 



The contribution of the second term is easily controlled by the first term of 
the right-hand side of (j3.10p since, according to [H] . 



To treat the contribution of the first one, we set 9{t) = r]{t)e^^ '^'''^ and 
rewrite this contribution as YIlkn'^ ^l with 

II := {L + Ny/'\\^^{k)Mr){0ir')^^>,Mr')T^}^]^^ (3.11) 

For L < A^^/4, by support considerations we may replace 6{t') by x, ,1^ ivs ^i^') 
in (j3.1ip . Since it is not too hard to check that two integrations by parts 



yield \0{t)\ < 4^, this ensures that 



1/2, 



L<m/4: 

ipNik)\ 



{it + A;2) 



{it + A;2) 



< 



{iT + A;2) 



Now, for L = N^ (Note that the case L = N^/2 can be treated in exactly 
the same way), we use that fi = i]{'/'^L){pL and that by the mean value 
theorem, \^l{t) — 99i(r')| < L~^\t — t'\. Substituting this in (jS.lip we infer 
that 

/^3 < {N' + iV^)VV^(fc) / eiT - T')^^4r')^^^^^4^^dT' ^^ 

Jr it + K Li 

+ (iV3 + iv2)i/2^^(^) ^(r/4iV3)iV-3 f \e{T - t')\\t - t T ^'"y\, dT' 

Jr {iT' + k-'l 

— /-l -\- 7-2 



Li 



11 



Applying Plancherel theorem, Holder inequality in t and then Parseval the- 
orem, the first term can be easily estimated by 



^3 < (iV^ + iV')^/V7vWII 



ipN3iT)v{T) 



< //V3\-l/2 



{N-Y'^'^Nik)y^sir)vir)\\ 



IT ■ 



L2 



k^ 



L2 



which is acceptable. Finally, note that ||^||loo < ||^||li — ll^llii ^ 1 and that 
integrating by parts one time, it is not too hard to check that \0{t)\ < -T^y- 
This ensures that the second term can be controlled by 



In^ < (NY^Nik) r^{r/iN'^)N 



<iV-3/V^(A;)||r?(r/4iV3)|| 



3 f \r-r'\ \v{t')\ 
{t - t') \iT' + A;2 
v{t) 



dr' 



L2 



ir + /c^ 



< 



ipNik) 



v{t) 



IT 



k^ 



D 



4 Bilinear estimate 

In this section we provide a proof of the following crucial bilinear estimate. 

Proposition 4.1. Let < e < 1/12. Then for all u,v £ S^^ it holds 

\\dx{uv)\\j^-i < llull^-ilbll^-i. (4.1) 

We will need the following sharp estimates proved in J17j . 

Lemma 4.1. Let ui and U2 be two real valued L^ functions defined on M x Z 
with the following support properties 

(r, /c) G suppuj => [A;| ^ Ni, {t — k ) r^ Li, i = 1,2. 

Then the following estimates hold: 

II II <r ■ ^T T xi/2/'max(Li,L2)^/^ A,, ,, ,, ,, 
\\ui*U2\\LlL^(lk\>N)^T^HLl,L2) ' (^ ^^jy^ + 1 j 1^1 IIl2 ||^i2 ||l2 

and if Ni » N2, 

,^^ ni /9 /niax(Li , Lo)"*"'^ \ ,, 



I""! *li2||L2 



12 



Proof of Proposition \4-l\ First we remark that because of the Lj, struc- 
ture of the spaces involved in our analysis we have the following localization 
property 

N N 

Performing a dyadic decomposition for u, v we thus obtain 

\\dAuv)y-i ~ (E|| E PNdAPN,uPN,v)f y^^ . (4.2) 

N Ni,N2 " 



We can now reduce the number of case to analyze by noting that the right- 
hand side vanishes unless one of the following cases holds: 

• (high- low interaction) N ^ N2 and Ni < N, 

• (low-high interaction) A^ ~ A^i and N2 '^ N, 

• (high-high interaction) N <^ Ni ~ A'^2- 

The former two cases are symmetric. In the first case, we can rewrite the 
right-hand side of (|4.2p as 



\\d^{uv)y-l ^ (Y,\\PNd^{P<NuPNv)f 



N 

and it suffices to prove the high-low estimate 

\\PNd,{P<NuPNv)\\j^-i < \\u\\^-4Pnv\\s^. (HL) 

for any dyadic A^. If we consider now the third case, we easily get 

\\dx{uv)\\_^-i < Y^ \\P<^Nid:r{PNiUPNiV)\\_^-l , 

and it suffices to prove for any A^i the high-high estimate 

\\P<^NidxiPNiUPN^v)\\j^-i < \\PNiU\\^^i\\PN^v\\g~l (HH) 

since the claim follows then from Cauchy-Schwarz. 

Finally, since the 5~^-norm only sees the size of the modulus of the space- 
time Fourier transform we can always assume that our functions have real- 
valued non negative space-time Fourier transform. 

Before starting to estimate the different terms we recall the resonance rela- 
tion associated with the KdV equation that reads 

{Ti-kf)+{T2-k^)+{T3-kl) = 3kik2k3 whenever (n, /ci)+(r2, /i:2)+(-r3, /^s) = 0. 

(4.3) 

13 



4.1 High-Low interactions 

We decompose the bilinear term as 

PNdx{P<NuPNv) = X] X] ^NQLdxiPNiQLiUPNQLiV)- 
Ni<N L,LiM 

Note first that we can always assume that A^i ^ 1, since otherwise, by using 
Sobolev inequalities and ()2.7p . it holds 



iy-1,-5 



Y, \\PNd.iPN,uPNv)\\^_,^_, < Y.{N)-^N\\P^iP^,uPNv)hiL, 

Vi<l 

^ Yl \\PnMl^l^\\Pnv\\l2 
< Yl nI/''\\Pn,u\\l4Pnv\\l2 



< \\u\\^~i\\Pnv\\s-i (4.4) 

as soon as e < 1/2. We now separate different regions. It is worth noticing 
that (113]) ensures that max(L,Li,L2) > N'^Ni. 

4.1.1 L > N^Ni 

—1 — - 1 1 

We set L ~ 2^N'^Ni. Taking advantage of the X^ ' "' n Z^^'^2 part of 

AAjT^ as well as the continuous embedding X~ '^2' ■-^ Xe ' ^' n Z~ 
by using Lemma |4. II we get 

l<^Ni<N l>0 

^ Y. Y. '^~"^N-^n;^'^\\PnQl{Pn,Ql,uPnQl,v)\\l^ 

l<^Ni<N l>0 

< Y Y^-"'^-'^^"'"^L,M,fN ^'^'l^f\ i 



2 . 



Ari/4 

KAfi<iV Z>0 
Li,L2 

X \\PniQlM\lA\PnQl2'v\\l'^ 
Noticing that for any < a < 1 it holds 
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we deduce that 



^ 5^2a 



l-^Ni<N />0 
Li,L2 

Taking a > small enough this proves with (j2.8p that 

-^1 ^ \\u\\s-A\Pnv\\s-i 
whenever e < 1/8. 

4.1.2 Li > iV^^i and L < N^Ni 

We can set Li ~ 2^N'^Ni with / > 0. By duality, it is equivalent to show 
that0 

where 



-^2 := E E (-PatQl^^, 5^(-PAfiQ2'Ar2Afi^*-PAfQL2^) 






L2 



"L2 



l<CAri<Af Z>0 

L2,i<Af^Afi 

and 9{t, k) = 6{—t, —k). According to Lemma |4. II we get 

^^ ^ J2 Yl ^''^^N''N[^^\Ly^\\PN^Q2^N^mAL^)\\dxP^LW*PM^,V 

l<S:Ni<N l>0 

L2,L<N^Ni 

l<^Ni<N l>0 

L2,L<N^Ni 

X (L A L2)^/' { ^^"^^j! + l) \\d.PNQLw\\L2 \\PnQl2v\\l2. 



L2 



^The space X^'^'°° is endowed with the norm 

i2\ 1/2 



II 11^1.3, 



y^snp\{Nr{L + Ny\\PNQLu\\^2 

^T T, L ^< 
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Since for any e > we have the estimate 
it follows that 



Ni 



^2 ^ E E 2-'/2(i^^)-./4^-| 



h3£ 



l'^Ni<N l>0 

L2,L<N^Ni 

x||-PjViQ2'iV2JVi«ll^-i-e.i,ill^A^Qi^ll^i.^,ooll^ivQL2^'ll^-i-s,i,i 

which is acceptable whenever e < 1/12. 

4.1.3 L2 > N'^Ni and L V Li < iV^iVi 

In this region thanks to the resonance relation (|4.3p one has L2 ~ N'^Ni. 
We proceed as in the preceding subsection. We get 



l'^Ni<N LVLi<^N'2Ni 



l-t:Ni<N LVLi<N2Ni 

X (L A Li)i/2 C^^J^ijI + 1) \\d.PNQLw\\L2 \\Pn,QlMl^- (4.5) 
On the other hand, we clearly have 

Inserting this into (|4.5|) we deduce 

l^Ni<N LVLi<N'2Ni 

X ||-PJV(3Lw||^l,l,^||P/Vl<3Ll^i|!^_l-,,l,l• (4.6) 

Now either A'^i < A^ or A'^i ~ A^. In the first case we have ||-P/vQAf27v, ^'H _i, 1 1 
WPnQn^Ni'^^W -ill which shows that (j4.6p is acceptable for < e < 1/8. 

In the second case, we have A^]~^ II Pat QjV2 AT, ^^ 1 1 -1,1,1 ^ ll-P/vQAf2Ari'u|| -1,1,1 
which shows that (|4.6|) is acceptable for < e < 1/12. 
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4.2 High-High interactions 

We perform the decomposition 

P<S:Nidx{PNiUPNiV) = X] X] PNQLdx{PNiQLiUPNiQL2v)- 

By symmetry we can assume that Li > L2. Then ()4.3p ensures that 
max(L,Li)>iViV2. 

4.2.1 NlN <Li< Nf. 

We can set Li ~ 2'iVfiV with / > 0. Using the F"^-"^ part of A4"\ we 
want to estimate 

-^4 := ^ PNdx{PNiQ2i^NfN'^PNi'i 



l>0 



Y^ '^^ 



~ ( 2Z \\^^'yP^i^2'-NlN'^PNiV)fL\Ll 

l>0 

^[Yl i^^^^\\PN^Q2iNiNu\\L4Pmv\\L2 

iV-CiVi 
l>0 

According to ([XT]) and (gSD, this leads for e < 1/2 to 

^«'Vi Li~2'Af2Ar<Ar3 

;-^n 1 — i 



1/2 



1/2 



1/2, 



PAf-.l' 



JVi«|l5- 



1/2, 



~ ( E 2"' E [N{'Ly^\\PN,QLM\L^?y'^\\PN,v\\s-^ 
Li<jv3 Ar-2-'LiAf-f2 



1/2, 



< ( Yl [Nr'Ly^WPN^QLML^f) \\PN,v\\sr' 

Li<Nf 

< \\PNiU\\^-i\\PN^v\\g-l. 

4.2.2 Li > Nf 

We can set Li = 2'A''f with / > 0. We proceed by duahty as in Subsection 
11X2] to get 

^5^ E Y.2~'^^N;^^'{N^^-'Ly^\\PN,Q2lNfu\\L2)\\dxP^LW*P^^,V 

l<Af<Afi />0 
L2,L 



L2 
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By virtue of Lemma |4.1|, we have the bound 
Thus it is enough to check that 



ij^i, 5,0011 .,i -vi.:^- ii^-i-e,l, 



-T+3e 



^ Y: 2-V2(LL2)-/^iVr^"^^ < 1, 

l<Ar<Afi />0 
L2,L 

but this is easily verified for e < 1/12. 

4.2.3 L > N^N and NfN^-'' < L2 < Li < iVf^ 

Then, by the resonance relation (j4.3p we must have L ~ N^N. We set 
L2 ^ 2''NfN^-^ and Li = 2PL2 with q > and p > 0. Since iV < iVi we 
are in the region L > N^. However since X~^'~^'^ ^^ X~^^^'^2'^ nZ~^'^2^ 
it suffices to show that 



^1/2 



iV-11^1,1,^ 



V 

'L2 



where 

Af<Afi p>0,g>0 

Using Lemma |4. II we get 

N-^Nip>0,q>0 

^ E E 2-^/'2-P/2Ar-i+f||Pjv,Q2.2.7v,27vi-Q<7v3^^ll^-i.i,i 

N<s:Ni p>0,q>0 

which is acceptable as soon as e < 1. 
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4.2.4 L > N^N , Li < NfN and L2 < NfN^''' 

Since N <^ Ni we are in the region L > N^. It thus suffices to estimate both 
the X~ ~^'~2' and the Z~ '~2 norms. Let us start by estimating the first 
one. Note that in this region we can replace P/v^tt and PniV by PNiQ<j<[iU 
and PniQkn'I''^- Taking into account the gain of e in the definition of the 
space, we get 

l<N<^Ni 
< Y, N''N{^\\PN,Q<NfuPN,Q<N'iv\\L^Ll 

l<N<^Ni 

which is acceptable as soon as e > 0. It remains to estimate the Z^ '^2- 
norm. By duality we have to estimate 

17:= Y ^l"^^'^ {PNWX{a)r^NlN^ PNiQ<nIU^Pn^Q<nIN^-VJ 

where w only depends on k and with a = t — k^ (recall that we can assume 
that the space-time Fourier transforms of u and w are non negative real- 
valued functions). We follow an idea that can be found in J4j. First we 
notice that for any fixed k, 

X(cr)~L ^ X(a)^L *T {jX{cj)<l) 

and thus the above scalar product can be rewritten as 



where F ^ 
with 



PNiQ<N^N-^-eV -kr {j^X(a)<NlN) is of the form PN^Q<jy2^v' 



\\PmQ<N^Nv'\\L^ < N '^^\\PmQ<Nfm-^^\\L^ ■ (4-7) 

Indeed the linear operator Tk,K2 ■ ^ '^ "^^(')^{(><^2} *X{(-)<x} is a con- 
tinuous endomorphism of L^(R) and L°°(M) with 

WTKKiAl'^m < sup— / v{y)x{{y)<K2}X{{x-y)<K}dy 

min(i^, K2) 



< ^ -\\V\\to 



K 
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and 

\\TkK2v\\l^{R) < -77\\v\\l^(R)\\X{{-)<K}\\l^{R) ^ IkllLi(IR) • 

Therefore, by Riesz interpolation theorem Tk,K2 is ^ continuous endomor- 
phism of L^ (M) with 

/ K2\ 1/2 
WTRKiVWh-^m ^ mm^^l, —J ||w||l2(r) • 

Hence, by Sobolev in k and (j4.7|) . 

N<t:Ni 

which is acceptable as soon as e > 0. D 

5 Well-posedness 

In this section, we prove the well-posedness result. The proof follows exactly 
the same lines as in [14J. Using a standard fixed point procedure, it is clear 
that the bilinear estimate (j4.ip allows us to show local well-posedness but 
for small initial data only. This is because H~^ appears as a critical space 
for KdV-Burgers. Indeed, on one hand, we cannot get any contraction factor 
by restricting time. On the other hand, a dilation argument does not work 
here since the reduction of the H~^-noiTa of the dilated initial data would 
be exactly compensated by the diminution of the dissipative coefficient in 
front of Uxx (that we take equal to 1 in (jl.lh ) in the equation satisfied by 
the dilated solution. In order to remove the size restriction on the data, we 
change the metric on our resolution space. 

For 0<e<l/12 and /3 > 1, let us define the following norm on S^ , 

f„ „ In 11 

M 2^ = mf < ui ~i + -^ U2ho 

Note that this norm is equivalent to || • || -—^ . Now we will need the following 
modification of Proposition 14.11 This new proposition means that as soon 
as we assume more regularity on u we can get a contractive factor for small 
times in the bilinear estimate. 
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Proposition 5.1. There exists v > such that for any < e < 1/12 anc 
all {u,v) £ S^ X S^^ , with compact support (in time) in [—T,T], it holds 



\dx{uv)\\_^-i < T'^IImII^oIIvII^-i. 



(5.1) 



Proof. It suffices to slightly modify the proof of Proposition 14. II to make use 
of the following result that can be found in [[H], Lemma 3.1] (see also [[15j. 
Lemma 3.6]): For any 6 > 0, there exists /x = /u(^) > such that for any 
smooth function / with compact support in time in [—T,T], 



■^t,x 



fir,k) 
(r - k3)S 



< T^ 



r2,2 



(5.2) 



According to (j2.8p this ensures, in particular, that for any w S 5.^,o with 
compact support in [— T, T] it holds 



■^3/8 



\W\ 



L^H'i/^ 



< 



W 



< Tf'^^M 



w 



X. 



3/8 



X.. 



0,1, 



< r^(i: 



\w\ 



3/8 



cO 
"^3/8 



(5.3) 



It is pretty clear that the interactions between high frequencies of u and high 
or low frequencies of v can be treated by following the proof of Proposition 
14.11 and using (|5.3|) . The region that seems the most dangerous is the one 
of interactions between low frequencies of u and high frequencies of v in the 
proof of Proposition l4.11 But actually in this region, except in the subregion 
^1 ^ 1; '^6 can notice that we may keep some powers of Li or L2 in the 
estimates and thus (|5.3p ensures that (|5.ip holds (one can even replaced S^ 
by S~^) . Finally, in the subregion A'"i < 1, (j5.ip follows directly by applying 
(fOI) in the next to the last hue in (|01) . D 

We are now in position to prove that the application 
Fj:u^ r^{t) \w{t)cp - \lld^{r]Tuf 



where £ is defined in (13. 2p . is contractive on a ball of Z^ for a suitable 
/3 > and T > small enough. Assuming this for a while, the local part of 
Theorem 11.11 follows by using standard arguments. Note that the uniqueness 
will hold in the restriction spaces S^ (r) endowed with the norm 



\r) 



iiif^ 



u on [0,r]} . 



Finally, to see that the solution u can be extended for all positive times 
and belongs to C(Ml;ff°°) it suffices to notice that, according to (|2.7p . 
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u G S~^{t) ^^ L^(]0,r[xT) . Therefore, for any < r' < r there exists 
to €]0,r'[, such that u(to) belongs to L^(T) . Since according to [15], (jl.ip 
is globally well-posed in L'^[T) with a solution belonging to C(M^; H^[T)), 
the conclusion follows. 

In order to prove that FT is contractive, the first step is to establish the 
following result. 

Proposition 5.2. For any /3 > 1 there exists < T = T{f3) < 1 such that 
for any u,v (z Z^ with compact support in [—T, T] we have 

\\Cd^{uv)\\zp < \\u\\z^\\v\\zf,- (5.4) 

Assume for the moment that ()5.4p holds and let uq G H^^ and a > 0. 
Split the data uq into low and high frequencies: 

uo = P<nUo + P:»NUo 

for a dyadic number A^. Taking A^ = N{a) large enough, it is obvious to 
check that ||P>Artio||_ff-i < a. Hence, according to (j3.ip . 



U-)Wi-)P»NUo\\z,<o^- 
Using now the 5^-part of -E«, we control the low frequencies as follows: 



1 A^ 

\r]{-)W{-)P<NUo\\~o < -^\\P<nUo\\l^ < — ||no||//-i. 



Thus we get 



\vi-)Wi-)P<NUo\\z<a for (3 > 



N\\uo\ 



H 



-1 



a 



Since a can be chosen as small as needed, we conclude with (j5.4p that FT 
is contractive on a ball of ^^ of radius i? ~ a as soon as /3 > N\\uQ\\jj-i/a 
and T = T{(3). 

Proof of Proposition \5.SX By definition on the function space Zp, there exist 
til, f 1 € Se and U2,V2 G S^ such that u = ui + U2, v = vi + V2 and 

,, „ 1 

\\vi\\-. + -^\\v2\\si<nvw 
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Thus one can decompose the left-hand side of (j5.4p as 

\\Cdx{uv)\\z0 < \\Cdx{uiVi)\\~^ + \\Cdx{uiV2 + U2Vi)\\~, + \\C-dx{u2V2)\\~-^ 

= 1 + 11+ III. 

From the estimates (j3.3p and (j4.ip we get 

^^ l|5xKfi)||_^-i < lluill^-illwill^-i < llnbjlull^^. 

On the other hand, we obtain from ()5.ip that 



and 



We thus get 



T T T ^ rnV II II II II ^ o'lrnV II II II II 

III ^T ||'U2|l50 1^21150 ^P T \\u\\zp\\v\\zii- 



II < T''{\\ui\\^-i\\v2\\so + \\u2\\so\\vi\\<;-i) 

<^ on~'i^ II II II II 

< pT \\u\\zp\\v\\zf,- 



\Cd,iuv)\\z,<il + W + l3^)T'^)\\u\\zJv\\z,. 



This ensures that ([Q]) holds for T ~ /3"2/^ < 1. D 
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